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Abstract
We introduce aminimalmodel of interacting particles relying on conservation of the number of
particles and interactions respecting conservation of the center ofmass. The dynamics in ourmodel is
directly amenable to simple pairwise interactions between particles leading to particle displacements,
ensues from this what we call interactionmediated dynamics. Inspired by binary reaction kinetics-like
rules, wemodel systems of interacting agents activated upon pairwise contact. Using Poisson
representations, ourmodel is amenable to an exact nonlinear stochastic differential equation.We
derive analytically its hydrodynamic limit, which turns out to be a nonlinear diffusion equation of
porousmedium type valid even far from steady state.We obtain exact self-similar solutions with
subdiffusive scaling and compact support. The nonequilibrium steady state of ourmodel in the dense
phase displays hyperuniformity whichwe are able to predict fromour analytical approach.We
reinterpret hyperuniformity as stemming from correlations in particles displacements induced by the
conservation of center ofmass. Although quite simplistic, thismodel could in principle be realized
experimentally at different scales by active particles systems.

1. Introduction

Drivenmany-body systems can exhibit nonequilibriumphase transitions between phases characterized by
qualitatively very different dynamics. One such class of systems is represented by absorbing statemodels [1–3].
In these systems, the transition happens between a so-called absorbing phase, where the system reaches a state in
which the dynamics comes to rest forever, and an active phasewhere the system converges towards
nonequilibrium steady states with non zero fraction of degrees of freedom that remain active. By construction,
such systems are out of equilibrium as they violate explicitly detailed balance. Examples ofmodels leading to
such absorbing phase transitions includemodels from the directed percolation class (which do not conserve
particle number—see [1] and references therein) and the conserved directed percolation class orManna
universality class (where particle number is conserved) [4–8].More recently, absorbing phase transitionmodels
were experimentally realized using for instance sheared suspensions of particles [9–13].

Inmodels of theManna class, the transition is generically controlled by the density of particles and it was
found that these transitions to absorbing states display properties of continuous phase transitions with universal
characteristic critical exponents, a well-definedmodel dependent critical density, and a correlation length
diverging at the critical point. In essence, thesemodels involve particles that can be active or passive depending
on the local particle density. In dense regions (typically defined asmore than 2 particles in a given
neighborhood), particles are active and follow a prescribed dynamics (typically perform jumps); otherwise
particles are said to be passive and remain at rest. Severalmicroscopicmodels in this class have been proposed,
including theMannamodel, the randomorganization (RandOrg)model or the conserved lattice gasmodel and
their generalizations; these are either on or off lattice, and involve different choices of kinetic rules [5, 7, 10,
14–17].
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Recently, a renewed interest in this class ofmodels was triggered by [15, 16], where it was found that the
fluctuations in density inmodels belonging to theManna class scale differently than usual random systems.
More precisely, for a systemof spatial dimension d, density fluctuations in a region of volumeV=λ d can be
written

( )s r r= á ñ - á ñl l l , 12 2 2

where ρλ is the number of particles in the region divided by its volumeV and the á ñdenotes an average over
many such volumes; these density fluctuations generically follow a scaling behavior s lµl

g-2 , with γ>0.
Random systems such as those stemming fromPoisson processes display the expected scaling with γ=d. In
systems forwhichλ>d, particles are distributedmore uniformly than random; these systems are called
hyperuniform [18–21].

In [15], a variety ofmodels belonging to theManna class were shown to display hyperuniformity (γ>d) at
the critical point. This is in contrast with classical equilibriummodels inwhichfluctuations are enhanced at the
critical point (γ<d) [18]. Further, it was found in [16] that enforcing conservation of the particles center of
mass during pairwise interactions inmodels of theManna class, while preserving the transition to an absorbing
state, leads to hyperuniformity in the active phase, even far from the critical point. Interestingly, the density
fluctuationswere shown to scale with exponent γ=d+1, which can be shown to be the largest possible
exponent value [22].

In this paper, we introduce aminimalmodel where the dynamics is directly amenable to simple pairwise
interactions between particles, leading to interactionmediated dynamics. Using binary reaction kinetics-like
rules, suchmodel can therefore be interpreted as a systemof agents that can get activated upon pairwise contacts,
which leads to afinite range irreversible transient repulsion (seefigure 1).While obviously simplistic, we suggest
that thismodel could in principle be realized experimentally beyond the examples of sheared suspensions
mentioned below, at different scales, with particles with pairwise interactions (e.g.molecularmotors, cells,
active colloids, bioinspired robots), which are controlled by active processes (e.g. hydrolysis of a chemical fuel).
By a systematic approach based on Poisson representations, we obtain an exact nonlinear stochastic differential
equation governing this dynamics. In the hydrodynamic limit of the high density active phase, we show that this
model leads to a porousmedium type nonlinear diffusion equation valid even far from steady state. The
dynamics of this system is entirely controlled by the reaction kinetics governing the active repulsion between
particles; in turn, ourmodel exhibits subdiffusive behavior and aging. Finally, in its nonequilibrium steady state,
thismodel displays hyperuniformity, whichwe also predict quantitatively using ourmacroscale stochastic
differential equation ; this allows to reinterpret hyperuniformity in this system as originating from correlations
in particles displacements induced by conservation of the center ofmass, in agreement with [16].

2.Model and simulations

First, we introduce a one-dimensional discretemodel of drivenmany-body system,where the dynamics is
entirelymediated by pairwise interactions between the particles.We introduceN interacting particles on a lattice
of size Lwith reflective boundary conditions at both ends. In turn, we have conservation of the number of particles.
In ourmodel, a site x on the latticemay have any number of particlesNx. Each pair of particles on the same lattice
sitemay interact with rate 2Γwith the result of one of themmoving to site x+1, while the othermoves to site

Figure 1.Model and evolution rules—we consider a dense systemof particles on a 1D lattice; following binary kinetics-like rules, any
pair of particles at site x gets activated and interact with rate 2Γ. This interaction leads to one particlemoving to site x−1 and one
particlemoving to site x+1. An interaction event thus occurs with rateΓNx(Nx−1).
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x−1. In ourmodel, such interaction events are thus controlled via combinatorial kinetics and happen at rate
proportional toNx(Nx−1)/2. This type of interaction leads to conservation of the center ofmass.

This absorbing statemodel admits a density-controlled nonequilibriumphase transition between an
absorbing phase and an active phase. It is easy to see that the critical density in this one-dimensionalmodel is
ρc=1. Inwhat follows, wewill only study the resulting dynamics at high density, deep in the active phase away
from the critical density whereNx?1 in steady state. As defined here, while ourmodel is similar to the so-
calledCOMConmodel introduced in [16], it differs in the definition of the kinetic rules, which has striking
consequences for the dynamics. In particular, we show inwhat follows that the dynamics of our system is
governed by a nonlinear diffusion equation of porousmedium type leading to anomalous spreading dynamics.
In addition, wemake use of a differentmethodology, based on Poisson representation, which allows us to obtain
an exact nonlinear stochastic differential equation as well as its hydrodynamic limit. This leads to a nonlinear
diffusion equation that describes the systemdynamics at all times, and in particular far from the steady state.
Note that we expect ourmodel to display an absorbing phase transition of the same nature as that of the
COMConmodel.

We perform simulations of this system in the high density regime ρ0=N/L?1.We study the classical
problemof diffusion from a point source and fixΓ=1 in all simulations. Starting fromaDirac delta
distribution at the center of the domain, we useGillespie’s algorithm [23, 24] to predict the time increment and
location of the next interaction based on the local number of particles at each lattice site. Figure 2 quantifies the
expansion of the initial distribution to a nonequilibrium steady state at uniform average density ρ0.We define
the standard deviation of the rescaled particle density as ˜ ˜s r r= á ñ - á ñN

2 2 2, with the rescaled particle density
˜( ) ( )r rºx N Lx 0 (i.e. the fraction of particles at site x) and á ñ... representing an average over space. In turn, we
show that the standard deviation of the rescaled particle density strikingly displays a subdiffusive scaling,
σN∝t1/3 before converging to the value expected for a uniformdensity over the L lattice sites, s = L 12u .

3.Nonlinear diffusion equation fromfirst principles

The dynamics of this systembeing entirely controlled by combinatorial kinetics, it is natural to expect the
diffusion coefficient of a single particle to be proportional to the local particle density. Here, we proceed to a

Figure 2.Microscopic simulations results—(top) particle countNx as a function of position for systems at high density ρ0=100 and
domain size L=100 for various times (fromdark to light), results are averaged over 128 realizations; (bottom) standard deviation of
the rescaled particle density as a function of time displaying a subdiffusive scaling,σN∝t1/3 (dashed line) before converging to the
expected value for a uniformdistribution (dotted–dashed line).

3

New J. Phys. 21 (2019) 123048 TBertrand et al



systematic derivation of an exact stochastic differential equation giving access to allmoments of the random
variablesNx, defined as the number of particles at site x.We start bywriting themaster equation for ({ } )P N t,x

the probability to have at each site x a number of particlesNx at time t

[( )( ) ( ) ( ) ] ( )å¶ = G + + - + - - -- +P N N P N N N N N P2 1 1, 2, 1 1 , 2t
x

x x x x x x x1 1

where for the sake of simplicity we onlywrite the terms changing. To treat thismany-body system in a simple
way, wemake use of the Poisson representation introduced byGardiner andChatuverdi [25–27]. Thismethod is
a formally exact analytical approach based on the following projection of the particle numbers at site x on
Poisson states

({ } )
!

({ } ) ( )ò a
a

a= a-P N t
N

f t, d e , , 3x
x

x
x
N

x
x

x

x

where f ({αx}, t) is a quasi-probability function of the Poisson fieldsαx. The Poisson representation can be
reinjected in themaster equation. By choosing the region of integration such that f ({αx}, t) vanishes at the
boundary, one can obtain after straightforward integrations by part the following Fokker–Planck equation

⎡
⎣⎢
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a a
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equivalent to the following exact stochastic differential equation for the Poisson fields

( )a a h¶ = GD + 5t x x x
2

withΔ is the secondfinite difference operator and ηx is aGaussian noise with zeromean valuewhose
correlations are given by

( ) ( ) ( )h h a dá ¢ ñ = Gá ñ ¢t t 2 6x x x t t
2

,

( ) ( ) ( )h h a dá ¢ ñ = Gá ñ- + ¢t t 2 7x x x t t1 1
2

,

with δi, j is the Kronecker delta. Note that the factorialmoments of the particles numbers á ñNx n are equal to the
moments of the Poisson fields aá ñx

n [26]. In particular, thismeans that

[ ] [ ( )] ({ } ) ( ) ò a a a aá ñ º á - - - ñ = º á ñN N N N n f t1 1 d , 8x n x x x
x

x x
n

x x
n

Thus, equations (5)–(7) define exactly the dynamics of the system and give access in principle to allmoments of
Nx. The correlations in particle displacements imposed by the conservation of the center ofmass in the
interactions induce a correlated noise term. In turn, the formof the noise (as expressed in equation (7)) induces
correlations among lattice sites.

4.Hydrodynamic limit

We turn to the continuous space limit (where the lattice spacingℓ→0) and consider x to be a continuous
variable. To take the continuous space limit accurately, we also need to rescale the rates and Poisson fields
accordingly [28, 29]. Taking this into account, we have by definition of the Poisson fields,

( ) ( ) ( )aá ñ =x t u x t, , 9

with á ñan average over the noise.We can thuswrite that

( ) ( ) ( ) ( )a da= +x t u x t x t, , , 10

where u is the space- and time-dependent particle density averaged over the noise while δα(x, t) denotes local
deviations from themean values; by definition, we have ( )daá ñ =x t, 0. In the large density limit (  ¥N ), the
fluctuations in the particle density can be neglected in comparison to themean particle density, i.e.
∣ ( )∣ ( )da x t u x t, , . Thus, the hydrodynamic limit is well-defined andwe obtain the following nonlinear
diffusion equation

( ) ( ) ( )¶ = G¶u x t u x t, , 11t xx
2

which is exact in this limit. This equation is a special case of awider class of equations known as porousmedium
equations,∂t u=∂xx u

m [30]. Self-similar solutions of the form u(x, t)=t−αf (xt−β)were obtained in the case
of the point-source problem studied here [30–32]. It can easily be shown that the similarity exponents are
given by
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( ) ( )
( )a b=

- +
=

- +
d

d m d m1 2
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1

1 2
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Which leads toα=β=1/3 in the case d=1 andm=2which is consistent with the scaling observed in
figure 2. Furthermore, the so-called ZKB solutions are given by

⎛
⎝
⎜⎜

⎡
⎣⎢

⎤
⎦⎥

⎞
⎠
⎟⎟( ) ( )k= -a

a
-

-

u x t t C
x

t
, max 0, , 13

dZKB

2

2

m
1

1

whereκ=(m−1)α/2md andC is determined by conservation ofmass and the initial condition. For all times
such that the boundary of the domain have not been reached the ZKB solution (equation (13)) should represent
well ourmicroscopicmodel. Figure 3 shows a perfect agreement between the ZKB solution and the rescaled
particle density in nondimensional quantities for all times in the scaling regime.

5. Self-similar dynamics and aging

Note that equation (11) can bewritten∂tu=D(u)∂xxu (withD(u)=2Γu(x, t))which is consistent with our
intuition and a directmean-field argument. So far, we have only quantified the dynamics at themacroscopic
scale; at the single particle scale, wemeasure the time-dependentmean-squared displacement (or increment
function)

( ) ∣ ( ) ( )∣ ( )t t= á + - ñ t x t x t, , 142

where á ñdenotes an average over particles and realizations but not origin of time t.
Wefind that for all times t, ( )t t, is linear in the delay τ at short times and thus displays a diffusive scaling

( ) ( )t t~
t

 t D t, 2
0

(see figure 4).Writing out the definition of the average diffusion coefficient, one has in the

τ→0 limit:

( ) ( ) ( ) ( )òt
t

~ t
N

D u u x t x,
2

, d , 15

TogetherwithD(u)=2Γu(x, t) and the density of particles which admits the following scaling form
u(x, t)=t−1/3f (xt−1/3), we can easily predict the scaling of the average diffusivity with time to obtain ( ) ~D t

-D t0
1 3. This is confirmed by our numerical results for whichwe find that the diffusivity at short delay time τ is

time-dependent, a signature of aging, and scales as ( ) µ -D t t 1 3 before converging to a constant when the
particle density profile reaches its uniform steady state (see figure 4). Thus, it is interesting to note that this
interactionmediated dynamics leads to short time aging, single particle diffusion and subdiffusive scaling at the
population scale.

6.Densityfluctuations andhyperuniformity

In the long time limit, we find that the density of particles converges to a profile with anomalously small density
fluctuations.Wefind that themodel under study here displays a power law decay of the density fluctuationswith
exponent γ>d. Thus, the nonequilibrium steady state of ourmodel is hyperuniformdeep in the active phase
(at large densities).Moreover, wemeasure an exponent γ=2=d+1 corresponding to the fastest decay

Figure 3.Mean-field transient behavior—Collapse of the rescaled particle density profiles for all times in the scaling regime (solid lines)
showing a perfect agreement with the ZKB solution given in equation (13)withα=1/3 (dashed line).
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possible [18, 20, 22] (see figure 5). This is in agreementwith recent studies [16] as the conservation laws
(conservation of particles and conservation of center ofmass) introduced in ourmodel have been shown to lead
in othermodels to hyperuniformbehavior at long times.

Another way tomeasure hyperuniformity is to check that the structure factor S(k) vanishes as the
wavenumber k→0.Defined as

( ) ( ) ( )å=
=

S k
N

kr
1

exp i 16
i

N

i
1

2

the structure factor is asymptotically typically characterized by a power lawwith exponent ξ, S(k)∼k ξ.When
ξ<1, the density fluctuations decay asσλ

2 ∝λ− ξ− d; while when ξ>1, the density fluctuations decay as
σλ
2 ∝λ−( d+1) and are thenmaximally hyperuniform [19].We show infigure 5 that in ourmodel the structure

factor does indeed vanish as k→0with exponent ξ=2 implying amaximally hyperuniform system.
To confirm this result analytically, we linearize equation (5) around the uniform state.Writing

α(x, t)=n0+δα(x, t), we obtain in Fourier space

˜ ˜ ˜ ( )da da h¶ = - G +n k2 17t 0
2

whose solution is given by

˜ ˜ ( )( )òda h= ¢
-¥

- G - ¢td e . 18
t

n k t t2 0
2

The structure factor canbe expressed via the Fourier transformof theparticledensity, ( ) ( ) ( )d d= á - ñS k n k n k N
with ( ) ( )òd d= -n k t n x t x, , e dkxi . By thenature of the Poissonfields,wehave

( ) ( ) ( ) ( ) ( ) ( )d d da da dá ñ = á ñ + -n x n y x y n x y . 190

From the solution of the linearized Langevin equation, we can compute the scaling of the structure factor at
small wavenumber to obtain

Figure 4.Particle level dynamics—(top) scaled time-dependentmean-squared displacement of the particles ( )t t t, as a function of
delay τ for various times t (increasing fromdark to light); (bottom) time-dependent diffusivity displaying a power law scaling

( ) = -D t D t0
1 3 before convergence to an asymptotic valuewhen the system reaches its steady state.
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wherewe recover the scaling observed infigure 5. It was argued that hyperuniformity stems from a competition
between a noise termwhich generates fluctuations and a deterministic termwhich reduces them. Further, it was
suggested that particle conservation and center ofmass conservation diminish drastically largewavelength
fluctuations leading to the far-reaching consequence of hyperuniformity in the active phase. In particular [16],
established that the noise term in the Langevin equation for the particle density appears as a second spatial
derivative as a consequence of the center ofmass conservation. Our approach based on Poisson representation
gives us another interpretation, where hyperuniformity stems from correlations in particles displacements,
which induce a correlated noise term in our exact stochastic differential equation.Here, we observe this at the
level of the Poisson fields. Indeed, correlations in the noise term (equation (7)) are crucial in determining the
scaling of S(k) in equation (20). Ourmodel differs from theCOMConmodel established in [16] in the definition
of their kinetic rules (and thus, the transition rates) but not in the definition of their transition rules.While we
have shown that this has striking consequences for the dynamics of the systemwhich in our case displays a
nonlinear diffusion equationwith anomalous spreading, hyperuniformity is insensitive to this change of kinetic
rules. Thus, ourwork provides a complementary approach to that of [16] in understanding themechanism
behind the observed hyperuniformity.

7. Conclusion

To summarize, we have introduced a simplemodel of interactionmediated dynamics with center ofmass
conservation.Ourmodel is based on binary reaction kinetic rules, and can be recast in an exact nonlinear
stochastic differential equation by using Poisson representations. This allows us to derive its hydrodynamic
limit, which turns out to be a nonlinear diffusion equation of porousmedium type forwhich exist exact self
similar solutions with subdiffusive scaling and compact support. In addition, our Poisson representation
approach provides a direct way to demonstrate hyperuniformity in themodel.We reinterpret hyperuniformity
as stemming from the non trivial correlations between particles displacements.

Figure 5.Hyperuniformity in the nonequilibrium steady state—(top) decay of the density fluctuationswith domain sizeλ displaying
maximal hyperuniformity, ( )s lµl

- +d2 1 with d=1; (bottom) structure factor in the steady state of ourmodel vanishing as k→0 as
S(k)∼k2.
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